Published by Institute of Physics Publishing for SISSA/ISAS Received: October 15, 2002 Accepted: December 19, 2002

Cosmology with radion and bulk scalar field in two branes model

Shinpei Kobayashi

Graduate School of Human and Environment Studies, Kyoto University Kyoto 606-8501, Japan E-mail: shinpei@phys.h.kyoto-u.ac.jp

Kazuya Koyama

Department of Physics, The University of Tokyo Tokyo 113-0033, Japan E-mail: kazuya@utap.phys.s.u-tokyo.ac.jp

Abstract: We investigate cosmological evolutions of the bulk scalar field ϕ(t) and the radion d(t) in five-dimensional dilatonic two branes model. The bulk potential for the scalar field is taken as the exponential function V_{bulk} ∝ exp(−2 √ 2bϕ), where b is the parameter of the theory. This model includes Randall-Sundrum model (with b = 0) and five-dimensional Hořava-Witten theory (with b = 1). We consider matter on both branes and arbitrary potentials on the branes and in the bulk. These matter and potentials induce the cosmological expansion of the brane as well as the time evolution of the bulk scalar field and the radion. Starting with full five-dimensional equations, we derive fourdimensional effective equations which govern the low-energy dynamics of brane worlds. A correspondent five-dimensional geometry is also obtained. The effective four-dimensional theory on a positive tension brane is described by bi-scalar tensor theory. If the radion is stabilized, the effective theory becomes Brans-Dicke (BD) theory with BD parameter 1/2b^2. On the other hand, if the scalar field is stabilized, the effective theory becomes scalar-tensor theory with BD parameter^3_{2(3b2 +1)}^{φ(t)}_{1−φ(t)} where φ is the BD field defined by radion d(t). If we do not introduce the stabilization mechanism for these moduli fields, the acceptable late time cosmology can be realized only if the dilaton coupling b is small (b^2 < 1.6 × 10^{−4}) and the negative tension brane is sufficiently away from the positive tension brane. We also construct several models for inflationary brane worlds driven by potentials on the brane and in the bulk.

Keywords: Extra Large Dimensions, p-branes, Cosmology of Theories beyond the SM.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep122002056 /jhep122002056 .pdf

Contents

1. Introduction 2

2. Setup 3 2.1 Action and equations of motion 3 2.2 Low energy expansion scheme 5 2.3 Solution at zeroth order 6

3. Solutions for bulk metric and scalar field 7 3.1 Solutions at first order 7 3.1.1 Equations 7 3.1.2 Homogeneous solutions 8 3.1.3 Particular solutions 9 3.2 Derivation of effective Friedmann equation 10

4. 4D Effective equations 11 4.1 Friedmann equation, equations of motion for radion and scalar field 11 4.2 Effective theory 13 4.2.1 Case1: d = const. 13 4.2.2 Case2: ϕ̂ = const. 14 4.2.3 General case 15

5. Boundary inflation 15 5.1 Matter field inflation 15 5.2 Modular inflation 17

6. Conclusions and future works 17

A. Five-dimensional equations 18 A.1 Einstein equations and scalar field equation 18 A.2 0th-oder 19 A.3 1st order 20

B. Solutions for 1st order equations 21 B.1 Homogeneous solutions 21 B.2 Particular solutions 22

C. Homogeneous and particular solutions in RS model 23 C.1 Homogeneous solutions 23 C.2 Particular solutions 23

– 1 –

1. Introduction String Theory and/or M-Theory are thought to be the most promising candidate for “The Theory of Everything”. One of the interesting and embarrassing features of such theories is that they are consistently formulated in more than four-dimensions. On the other hand, at least at low energy scales, our spacetime seems to be four-dimensional. Hence we need some compactification mechanisms of extra dimensions in order to retrieve our four-dimensional spacetime at low energy scales.

Of all compactification mechanisms of the extra dimensions, Hořava-Witten (HW) theory is a fascinating one [1, 2]. Hořava and Witten showed that the eleven-dimensional limit of M-theory compactified on S^1/Z_2 orbifold can be identified as the strongly coupled ten-dimensional E_8 ×E_8 heterotic string theory with two orbifold fixed planes. Witten also showed that there exists a consistent compactification of this theory where the universe appears as a five-dimensional spacetime with two boundary branes [3]. Then the five dimensional effective action for this theory was derived [4] and the cosmological evolution of the branes has been studied [5]–[8].^1 In this model, the bulk scalar field is necessarily associated with the compactification.

The bulk scalar field also plays an important role in phenomenological models for brane worlds. For example, the bulk inflaton models [9]–[12], the self-tuning models for cosmological constant [13]–[17] and the dilatonic thick domain wall models [18]–[21] have been studied as the extension of Randall-Sundrum (RS) models [22, 23]. Cosmological models with bulk scalars have been actively considered [24, 25]. In the context of RS model, stabilization mechanism of the distance between two branes using bulk scalars has been investigated [26]–[33].

As well as the bulk scalar field, there is another important scalar degree of freedom in two branes model, that is, a radion which describes the inter-brane distance. The radion plays a crucial role in gravitational interactions on the brane. For example, in RS model, the radion acts as a Brans-Dicke (BD) field and the observational constraints on BD parameter gives strong constraint on the model. In RS model, the dynamics of the radion has been eagerly studied [34]–[40].

The purpose of this paper is to investigate the cosmological consequences of the bulk scalar field and the radion. We consider a model where the bulk potential for the bulk scalar field ϕ is given by an exponential function V_{bulk} ∝ exp(−2 √ 2bϕ). This model includes HW theory (with b = 1) and RS model (with b = 0). We will consider matter on both branes and arbitrary potentials on the branes and in the bulk. These matter and potentials induce the cosmological expansion of the brane as well as the time evolution of the bulk scalar field and the radion. It is well known that in many higher-dimensional theories, these “moduli fields” are potentially dangerous because time evolution of moduli fields leads to the time variation of fundamental constants. Then it is important to know how serious is the moduli problem in this model. We also consider the phenomenological implication of the potentials mainly focusing on the inflationary scenario.

1Note that the time evolution of their cosmological domain wall solution is driven by the bulk scalar field, not by the matter on the brane. So their solution is a “vacuum cosmological solution”, which is different from the cosmological solution in our usual sense.

– 2 –

In order to know the cosmological consequences of the bulk scalar field and radion, we should derive the effective equations which govern the cosmological dynamics of these fields. One approach is to construct an 4D Effective action by the integration of the action with respect to the extra dimension [41]–[44]. A “moduli space” approximation is an example for such an approach. In this approximation, the constant moduli parameters of the static solution is replaced by time-dependent functions and integration over the extra dimensions gives four-dimensional effective action. But, it is known that the moduli space approximation may not always be consistent [45]–[47] and the integration over extradimension must be treated with special caution [48].

Hence, in this paper, we will derive four-dimensional effective equations for the radion and the bulk scalar field starting with full five-dimensional equations. In order to do so, we use the low-energy expansion scheme. The low-energy means that the energy density of the matter on the brane is much lower than the tension of the brane. This relation holds at late times in cosmological evolution. Under such an approximation, we can derive the effective four-dimensional equations for scale factor, radion and bulk scalar field. We can also determine the correspondent five-dimensional geometry.

The organization of this paper as follows. In section 2, we review the setup of our model and introduce the low-energy approximation. Using this approximation, we give the background solutions. In section 3, we solve the first-order equations and derive the solutions for full five-dimensional metric at this order. Using these solutions, we show that the equations for scale factor on the brane, bulk scalar and radion can be derived. Section 4 is the main part of this paper. Effective equations which govern the low energy dynamics of the two branes system are presented. The comparison with scalar-tensor theory is performed and the observational constraints are obtained. Section 5, several inflationary scenarios are discussed. Section 6 is devoted to conclusions.

2. Setup

2.1 Action and equations of motion

We consider the bulk action of the form

S_{bulk} = 1 2κ^2 ∫ M_5

d^5x √ −g_5 ( R − ∂_M ϕ∂^M ϕ + V_{bulk}(ϕ) ) , (2.1)

where κ^2 denotes the five-dimensional gravitational constant and σ denotes the tension of the 3-brane. The bulk potential is taken as

V_{bulk}(ϕ) = − ( b^2 − 2 3 ) e^{−2} √ 2bϕσ^2 + V (ϕ). (2.2)

Here we split V_{bulk} into an explicit, exponential potential for ϕ and an arbitrary potential V (ϕ) according to ref. [49]. The parameter b is determined by the theory. If we choose b = 0 and V (ϕ) = 0, we retrieve the action for the Randall-Sundrum model and if b = 1 and V (ϕ) = 0, we retrieve the action for Hořava-Witten model, which were derived in [4].

– 3 –

We consider a five-dimensional spacetime with structure M_5 = S^1/Z_2 × M_4 where S^1/Z_2 is an orbifold and M_4 is a smooth manifold. We use the coordinate y to parameterize the orbifold and the range of y is chosen as −r ≤ y ≤ r. Because this spacetime has Z_2- symmetry (i.e. we identify y with −y), there are two endpoints in this spacetime. These two endpoints are called orbifold fixed planes, which are 3-branes. A positive tension brane is set at y = 0 and a negative tension brane is set at y = r. We take the actions for them as

S_{brane} = S_+ + S_−

S_+ = ∫ M^{(1)}_4

d^4x √ −g_4U_{brane} + ∫ M^{(1)}_4

d^4x √ −g_4L_m , S_− = ∫ M^{(2)}_4

d^4x √ −g_4Ũ_{brane} + ∫ M^{(2)}_4

d^4x √ −g_4L̃_m , (2.3)

where the potentials are given by

U_{brane} = − √ 2 κ^2 e^− √ 2bϕσ − U(ϕ) , Ũ_{brane} = √ 2 κ^2 e^− √ 2bϕσ − Ũ(ϕ) . (2.4) The action for the positive tension brane and the negative tension brane is denoted by S_+ and S_−, respectively. U(ϕ) and Ũ(ϕ) are arbitrary potentials. L_m and L̃_m are the Lagrangian density of the matter on each brane. We assume that they do not couple to the bulk scalar, that is, δL_m/δϕ = δL̃_m/δϕ = 0. It is true that in HW model, there are field strengths of E_8 and E_6 gauge field which couple to the bulk scalar field, but in this paper, we replace them with the energy density of perfect fluids.^2

Using the action, we derive the Einstein equation

G^M_N = κ^2(T^M_{bulk N} + T^M_{brane N} ) . (2.5)

The energy-momentum tensor can be divided into two parts;

T^M_{bulk N} = 1 κ^2 { ∇^M ϕ∇_N ϕ − 1 2 δ^M_N [ ∇^M ϕ∇_M ϕ + ( b^2 − 2 3 ) e^{−2} √ 2bϕσ^2 − V (ϕ) ]} ,

T^M_{brane N} = √ −g_4 √ −g_5 {[ − √ 2 κ^2 e^− √ 2bϕ diag(0, σ, σ, σ, σ) + + diag(0, −ρ − U, p − U, p − U, p − U) ] δ(y) + + [√ 2 κ^2 e^− √ 2bϕ diag(0, σ, σ, σ, σ) +

+ diag(0, −ρ̃ − Ũ, p̃ − Ũ, p̃ − Ũ, p̃ − Ũ) ] δ(y − r) } . (2.6)

2It is also interesting to consider the coupling of the gauge field and the scalar field. It is left for the future work.

– 4 –

The energy density and the pressure of the perfect fluid on the positive tension brane are denoted by ρ and p and those on the negative tension brane are denoted by ρ̃ and p̃. The equation of motion for the scalar field is given by

∇^2ϕ + √ 2b ( b^2 − 2 3 ) e^{−2} √ 2bϕσ^2 + 1 2 dV dϕ = = √ −g_4 √ −g_5 [( −2be^− √ 2bϕσ + κ^2 dU dϕ ) δ(y) + ( 2be^− √ 2bϕσ + κ^2 dŨ dϕ ) δ(y − r) ] . Now we take the five-dimensional metric as ds^2 = e^{2γ(y,t)}dy^2 − e^{2β(y,t)}dt^2 + e^{2α(y,t)}δ_{ij} dx^idx^j . (2.7) Einstein equations and the scalar field equation in terms of α, β, γ and ϕ are presented in appendix A.1. We expand the functions around y = 0 and y = r as

α(y, t) = α^{(0)}(t) + α^{(1)}(t)|y| + 1 2 α^{(2)}(t)y^2 + · · · , (2.8)

α(y, t) = α̃^{(0)}(t) + α̃^{(1)}(t)|r − y| + 1 2 α̃^{(2)}(t)(r − y)^2 + · · · . (2.9)

From above expansions, we can read that α^{′′} gives 2δ(y) − 2δ(y − r). Then from Einstein equations α^{(1)} and α̃^{(1)} can be written in terms of ρ, p, U and ρ̃, p̃, Ũ respectively. Then we can get the junction conditions;

α^{(1)}(t) = − 1 6 [√ 2σe^− √ 2bϕ + κ^2(ρ + U) ] e^γ | | |_{y=0} , (2.10)

β^{(1)}(t) = − 1 6 [√ 2σe^− √ 2bϕ − κ^2(3p + 2ρ − U) ] e^γ | | y=0 , (2.11)

ϕ^{(1)}(t) = − [ bσe^− √ 2bϕ − 1 2 κ^2 dU dϕ ] e^γ | | |_{y=0} , (2.12)

α̃^{(1)}(t) = − 1 6 [√ 2σe^− √ 2bϕ − κ^2(ρ̃ + Ũ) ] e^γ | | | y=r , (2.13)

β̃^{(1)}(t) = −1 6 [√ 2σe^− √ 2bϕ + κ^2(3p̃ + 2ρ̃ − Ũ) ] e^γ | | |_{y=r} , (2.14)

ϕ̃^{(1)}(t) = − [ bσe^− √ 2bϕ + 1 2 κ^2 dŨ dϕ ] e^γ | | y=r . (2.15)

2.2 Low energy expansion scheme

In this subsection, we formulate the low energy expansion scheme to solve the equations.^3 At late times, the energy density and the pressure of the perfect fluid is much smaller than the tension of the brane. Hence we can impose the following conditions,

σ ≫ κ^2ρ, κ^2p, σ^{−1}V, κ^2U, κ^2Ũ . (2.16)

3Generalizations to covariant form of this iteration scheme are performed in [50, 51].

– 5 –

Then, we can define a small parameter of the system as follows, ε ≡ κ^2ρ σ . (2.17)

Thus for ε ≪ 1, we can solve five-dimensional Einstein equations perturbatively by expanding a metric and scalar field as

α(y, t) = α_{(0)}(y, t) + α_{(1)}(y, t) + α_{(2)}(y, t) + · · · , (2.18)

where α_{(i)} is the function of the order O(ε^i). Note that the lower indices α_{(i)} are different from the upper indices α^{(i)} which have been defined in eqs. (2.8), (2.9). We expand β(y, t), γ(y, t), and ϕ(y, t) in a similar way. The important point is that t-derivative of the lower order solution is the same order as y-derivative of the higher order solution;

α̈_{(i−1)} ∼ α^{′′}_{(i)} . (2.19)

This is because the derivative with respect to y is of the order α^′ ∼ σ for ε ≪ 1 from the junction conditions. On the other hand, from the Friedmann equation, we expect that the derivative with respect to t is of the order α̇^2 ∼ κ^2σρ. Then the derivative with respect to t is suppressed by the factor ε^{1/2} compared with the derivative with respect to y; ( α̇ α^′ )_2

∼ ε . (2.20)

Hence, the leading order equation of the order O(ϵ^0) contains only the y-derivative of the 0- th order solution (i.e., α^{′′}_{(0)}, β^{′′}_{(0)}, . . . ), and 1st order equations are consisted of t-derivatives of 0-th order functions and y-derivatives of 1st order functions (i.e., α̈_{(0)}, β̈_{(0)}, . . . , α^{′′}_{(1)}, β^{′′}_{(1)}, . . . ) as shown in appendix A. At each order, Einstein equations give ordinary differential equations for (α_{(i)}, β_{(i)}, . . . ) with respect to y. Then it is possible to solve the equations analytically.

2.3 Solution at zeroth order

The concrete form of the 0-th order equations are given in appendix A.2 and the solutions at the 0-th order are given as follows,

α_{(0)}(y, t) = 2 3Δ + 8 ln H(y, t) + α̂(t) , (2.21)

β_{(0)}(y, t) = 2 3Δ + 8 ln H(y, t) , (2.22)

γ_{(0)}(y, t) = ln d(t) + √ 2bϕ̂(t) , (2.23)

ϕ_{(0)}(y, t) = 1 √ 2b ln H(y, t) + ϕ̂(t) , (2.24)

where, H(y, t) ≡ 1 − √ 2(3Δ + 8) 12 d(t)σ|y| , (2.25)

– 6 – and Δ ≡ 4 ( b^2 − 2 3 ) . (2.26)

Here α̂(t) can be identified with the scale factor on a positive tension brane and ϕ̂(t) describes the behavior of the scalar field. d(t) describes the time evolution of inter-brane distance. There does not exist β̂(t) because β_{(0)} corresponds to the lapse function, so we can always gauge away β̂(t) by the redefinition of the time variable t. These zeroth-order solutions are quasi-static and their time evolutions will be determined by the first-order solutions. If we take α̂(t) = ϕ̂(t) = 0 and d(t) = 1, we can retrieve the vacuum solution obtained in [52]–[54].

The above solutions are valid except for RS model with b = 0 (Δ = −8/3). For RS model, the 0-th order solutions are given by α_{(0)}(y, t) = −d(t)k|y| + α̂(t) , (2.27) β_{(0)}(y, t) = −d(t)k|y| , (2.28) γ_{(0)}(y, t) = ln d(t) , (2.29) ϕ_{(0)}(y, t) = ϕ̂(t) , (2.30)

where k = √ 2σ/6 is the curvature scale of the bulk Anti- de Sitter spacetime. In the following, we assume b ≠ 0 and RS model is treated separately in appendix C.

3. Solutions for bulk metric and scalar field

3.1 Solutions at first order

3.1.1 Equations

The concrete form of the 1-th order equations are given in appendix A.3. Substituting the solutions at 0-th order into the equations at 1st order, we get − √ 2 6 σd H ( 3α^′_{(1)} + β^′_{(1)} − √ 2bϕ^′_{(1)} ) + 1 3 ( b^2 − 2 3 ) σ^2d^2 H^2 ( γ_{(1)} − √ 2bϕ_{(1)} ) = = d^2e^2 √ 2bϕ̂ { H^{− 1}3b^2 [ ^̈α + 2^̇α^2 + 1 6 ^̇ϕ_2 − √ 2 6 σ H y ( d̈ + 3ḋ^̇α + √ 2bḋ ^̇ϕ ) +

+ 1 − 3b^2 18 σ^2 H^2 ḋ^2y^2 ] + 1 6 V } , (3.1)

α^{′′}_{(1)} − √ 2 6 σd H ( 4α^′_{(1)} − γ^′_{(1)} + √ 2bϕ^′_{(1)} ) + 1 3 ( b^2 − 2 3 ) σ^2d^2 H^2 ( γ_{(1)} − √ 2bϕ_{(1)} ) = = d^2e^2 √ 2bϕ̂ { H^{− 1}3b^2 [ ^̇α^2 + √ 2^̇α ^̇ϕ − 1 6 ^̇ϕ_2 + ḋ d ^̇α − √ 2 6 σ H y (˙ d^2 d + 2ḋ^̇α ) +

+ 1 − 3b^2 18 σ^2 H^2 ḋ^2y^2 ] + 1 6 V } , (3.2)

– 7 –

2α^{′′}_{(1)}+β^{′′}_{(1)}− √ 2 6 σd H ( 8α^′_{(1)}+4β^′_{(1)}−3γ^′_{(1)}+3 √ 2bϕ^′_{(1)} ) + ( b^2− 2 3 ) σ^2d^2 H^2 ( γ_{(1)}− √ 2bϕ_{(1)} ) = = d^2e^2 √ 2bϕ̂ { H^{− 1}3b^2 [ 2^̈α + 2 √ 2b^̇α ^̇ϕ + 3^̇α^2 + √ 2b ^̈ϕ + ( 2b^2 + 1 2 ) ^̇ϕ_2 + 2ḋ d ^̇α + d̈ d +

+ 2 √ 2b ^̇ϕ ḋ d − √ 2 6 σ H y ( 2d̈ + 4 √ 2bḋ ^̇ϕ + 4ḋ^̇α + ḋ2 d ) +

+ 1 − 3b^2 18 σ^2 H^2 ḋ^2y^2 ] + 1 2 V } , (3.3)

α^′_{(1)} ( √ 2b ^̇ϕ + ḋ d ) − 1 3 ϕ^′_{(1)} ( −b σ H ḋy + ^̇ϕ ) =

= α̇^′_{(1)} + √ 2 6 σd H ( γ̇_{(1)} − √ 2bϕ̇_{(1)} ) − ( − √ 2 6 σ H ḋy + ^̇α ) ( β^′_{(1)} − α^′_{(1)} ) , (3.4)

ϕ^{′′}_{(1)} − σd H [ b(3α^′_{(1)} + β^′_{(1)} − γ^′_{(1)}) + 2 √ 2 3 ϕ^′_{(1)} ] + 2 √ 2b ( b^2 − 2 3 ) σ^2d^2 H^2 ( γ_{(1)} − √ 2bϕ_{(1)} ) =

= d^2e^2 √ 2bϕ̂ ( H^{− 1}3b^2 { ^̈ϕ + 3^̇α ^̇ϕ + √2b ^̇ϕ2 + ḋ d ^̇ϕ −

− σ H y [ b ( d̈ + √ 2ḋ ^̇ϕ + 3ḋ^̇α + ḋ2 d ) + √ 2 3 ^̇ϕḋ ] +

+ √ 2 3 b(1 − 3b^2) σ^2 H^2 ḋ^2y^2 } − 1 2 dV dϕ ) . (3.5)

These equations can be regarded as the ordinary differential equations for (α_{(1)}, β_{(1)}, γ_{(1)}, ϕ_{(1)}) where the right-hand sides of the equations act as sources. Then the solutions are given by homogeneous solutions and particular solutions which are determined by ^̇α, ^̇ϕ, ḋ and V (ϕ_{(0)}).

3.1.2 Homogeneous solutions

The homogeneous solutions are given by

α_{(1)} = K_α(t)H^b

2− 2 3 b2 + F_α(t) + P (y, t) , (3.6)

β_{(1)} = K_β (t)H^b

2− 2 3 b2 + F_β (t) + P (y, t) , (3.7)

γ_{(1)} = K_γ (t)H^b

2− 2 3 b2 + √ 2bF_ϕ(t) + 6b^2P (y, t), −3 √ 2 H σd P^′(y, t) , (3.8)

ϕ_{(1)} = K_ϕ(t)H^b

2− 2 3 b2 + F_ϕ(t) + 3 √ 2b P (y, t). (3.9) Here, F_α, F_β, F_ϕ and P are arbitrary functions and they do not affect the resultant effective equations. On the other hand, K_α, K_β , K_γ , K_ϕ carry the information of the bulk. These

– 8 – functions satisfy two constraints;

3K_α + K_β + K_γ − 2 √ 2b K_ϕ = 0 ,

K̇_α + (K_α − K_β )^̇α − (√ 2bK_α − 1 3 K_ϕ ) ^̇ϕ = 2 3Δ (K̇_γ − √ 2bK̇_ϕ) . (3.10)

These constraints are insufficient to determine the behavior of the homogeneous solutions. The homogeneous solutions will be determined by the junctions conditions at the branes.

We should note that in the case of RS model (b = 0) without scalar field K_ϕ = 0, these constraints are sufficient to obtain the concrete form of the homogeneous solutions. We obtain the equation for K as ( K_α + 1 4 K_γ )_· + 4^̇α ( K_α + 1 4 K_γ ) = 0 . (3.11)

Thus we find K_α + 1 4 K_γ = 1 8 Ce^{−4α̂} . (3.12)

where C is the integration constant. It is well known that C is related to the mass of the Black hole in the bulk and this term will induce “dark radiation” on the brane.

3.1.3 Particular solutions From eqs. (3.1)–(3.5), the particular solutions is given by

α_{(1)} = f_α(t)H^{2−(1/3b2 )}(y, t) + g_α(t)H^{1−(1/3b2 )}(y, t)y + + h_α(t)H^{−1/3b2} (y, t)y^2 + k_α(y, t) , (3.13) β_{(1)} = f_β(t)H^{2−(1/3b2 )}(y, t) + g_β (t)H^{1−(1/3b2 )}(y, t)y + + h_β(t)H^{−1/3b2} (y, t)y^2 + k_β (y, t) , (3.14) γ_{(1)} = f_γ(t)H^{2−(1/3b2 )}(y, t) + g_γ (t)H^{1−(1/3b2 )}(y, t)y + + h_γ (t)H^{−1/3b2} (y, t)y^2 + √ 2bk_ϕ(y, t), (3.15) ϕ_{(1)} = f_ϕ(t)H^{2−(1/3b2 )}(y, t) + g_ϕ(t)H^{1−(1/3b2 )}(y, t)y + + h_ϕ(t)H^{−1/3b2} (y, t)y^2 + k_ϕ(y, t) . (3.16)

The functions (f_α, g_α, h_α, f_β, g_β , h_β , f_γ , g_γ , h_γ , f_ϕ, g_ϕ, h_ϕ) are determined by α̂(t), ϕ̂(t) and d(t). The solutions are presented in appendix B. On the other hand, the solution k(y, t) is determined by bulk potential V as k^′_α(y, t) = 1 6 d^2e^2 √ 2bϕ̂H−2/3b^2 ∫_y 0 dyH^{2/3b2} V, (3.17) k^′_β (y, t) = − 1 2 d^2e^2 √ 2bϕ̂H−2/3b^2 ∫_y 0 dyH^{2/3b2} (√ 2b dV dϕ + (1 + 2b^2)V ) − − √ 2 2 σ^{−1}de^2 √ 2bϕ̂HV , (3.18) k^′_ϕ(y, t) = − 1 2 d^2e^2 √ 2bϕ̂H−2/3b^2 ∫_y 0 dyH^{2/3b2} ( dV dϕ + √ 2bV ) . (3.19)

– 9 –

3.2 Derivation of effective Friedmann equation

Here we will demonstrate how we can derive the Friedmann equation using the above solutions. We use the solutions which we have derived in the previous subsection and the junction conditions given in appendix A.

Projecting α^′_{(1)} onto y = 0, we get

α^′_{(1)}(0, t) = α^{(1)}_{(1)} = √ 2 3 σd(1 − 6b^2)f_α(t) + g_α(t) + k^′_α(0, t) − − √ 2 3 σd(3b^2 − 2)K_α(t) + P^′(0, t) . (3.20)

On the other hand, the junction conditions (A.18) gives

α^{(1)}_{(1)} = − √ 2 6 σd(K_γ (t) − √ 2bK_ϕ(t) + f_γ (t) − √ 2f_ϕ(t)) + P^′(0, t) − κ^2 6 (ρ + U)de √ 2bϕ̂ . (3.21)

So we notice √ 2 3 σd(1 − 6b^2)f_α(t) + g_α(t) + √ 2 6 (f_γ (t) − √ 2bf_ϕ(t)) + κ^2 6 (ρ + U)de √ 2bϕ̂ = = − √ 2 6 σd[−2(3b^2 − 2)K_α(t) + K_γ (t) − √ 2bK_ϕ(t)] . (3.22)

There appears the homogeneous solution in eq. (3.22), so we have to know the explicit form of it to obtain the effective Friedmann equation. In order to do so, we use the junction condition at y = r. Using it, we can write down the homogeneous solution in terms of the quantities on the negative tension brane. Indeed, projecting α^′_{(1)} onto y = r we find

α^′_{(1)}(r, t) = α̃^{(1)}_{(1)} = [√ 2 3 σd(1 − 6b^2)f_α(t) + g_α(t) ] H̃^{1−(1/3b2 )} +

+ [√ 2 3 σd(1 − 3b^2)g_α(t) + 2h_α(t) ] H̃^{−1/3b2} r + (3.23)

+ √ 2 3 σdh_α(t)H̃^{−1−(1/3b2 )}r^2 + k^′_α(r, t) − √ 2 3 σd(3b^2−2)K_α(t)H̃^{−2/3b2} + P^′(r, t) ,

and the junction condition (A.21) gives

α̃^{(1)}_{(1)} = − √ 2 6 [ (K_γ (t) − √ 2bK_ϕ(t))H̃^{−2/3b2} + (f_γ (t) − √ 2bf_ϕ(t))H̃^{1−(1/3b2 )} +

+ (g_γ (t) − √ 2bg_ϕ(t))H̃^{−1/3b2} r + (h_γ (t) − √ 2bh_ϕ(t))H̃^{−1−(1/3b2 )}r^2 ] + + P^′(r, t) + κ^2 6 (ρ̃ + Ũ)de √ 2bϕ̂ . (3.24)

– 10 –

Combining them each other, we obtain [√ 2 3 σd(1 − 6b^2)f_α(t) + g_α(t) + √ 2 6 σd(f_γ (t) − √ 2bf_ϕ(t)) ] H̃^{1−(1/3b2 )} +

+ [√ 2 3 σd(1 − 3b^2)g_α(t) + 2h_α(t) + √ 2 6 σd(g_γ (t) − √ 2bg_ϕ(t)) ] H̃^{−1/3b2} r +

+ [√ 2 3 σdh_α(t) + √ 2 6 σd(h_γ (t) − √ 2bh_ϕ(t)) ] H̃^{−1−(1/3b2 )}r^2 +

+k^′_α(r, t) − κ^2 6 (ρ̃ + Ũ)de √ 2bϕ̂ = (3.25) = − √ 2 6 σd[−2(3b^2 − 2)K_α(t) + K_γ (t) − √ 2bK_ϕ(t)]H̃^{−2/3b2} . Explicit form of all homogeneous solutions are given in appendix B. Now let us use the homogeneous solution (3.25). Substituting (3.25) into (3.22), we finally obtain the effective Friedmann equation. The concrete form of the effective Friedmann equation (4.3) is given in the next section. Similarly, we can derive other effective equations. All of them are also given in the next section.

Here we note that one can not determine the homogeneous solution in one brane model because one knows the only one junction condition at the brane where one lives.

4. 4D Effective equations

4.1 Friedmann equation, equations of motion for radion and scalar field

Now we can explicitly write down four-dimensional effective equations. First, the evolution equations for scale factor are given by

^̈α + 2^̇α^2 + 1 6 ^̇ϕ_2 = √ 2 36 κ^2σ((1 − 3w)ρ + 4U + 3 √ 2bU^′)e^− √ 2bϕ̂ − 1 6 V (ϕ^{(0)}), (4.1)

^̈α + 2^̇α^2 + 1 6 ^̇ϕ2 = − √ 2 36 κ^2σ((1 − 3w̃)ρ̃ + 4Ũ + 3 √ 2bŨ^′)e^− √ 2bϕH̃^{− 3Δ+4}3Δ+8 + − 1 6 H̃^48+3Δ V (ϕ̃^{(0)}) + 2 3Δ + 8 ( d̈ + 3ḋ^̇α + √ 2bḋ ^̇ϕ ) H̃^{−1} + + 3Δ + 4 (3Δ + 8)^2 ḋ^2H̃^{−2} , (4.2)

^̇α^2 + √ 2b^̇α ^̇ϕ − 1 6 ^̇ϕ2 = √ 2(Δ + 4) 24(1 − H̃^ζ ) κ^2σ [ ρ + U + (ρ̃ + Ũ)H̃^{83Δ+8} ] e^− √ 2bϕ̂ −

− √ 2 24 (Δ + 4)σd 1 1 − H̃^ζ ∫_r 0 dyH^{88+3Δ} V + + 3H̃^ζ (Δ + 4) 1 − H̃^ζ [ − 1 3Δ + 8 ḋ^̇αH̃^{−1} + 1 (3Δ + 8)^2 ḋ^2H̃^{−2} ] . (4.3)

– 11 –

The equation for ϕ̂ is given by ^̈ϕ + 3^̇α ^̇ϕ + √2b ^̇ϕ_2 = = bκ^2σ 6(1−H̃^ζ ) [ (1−3w)ρ + 4U − √ 2b^{−1}U^′ + ((1−3w̃)ρ̃ + 4Ũ − √ 2b^{−1}Ũ^′)H̃^{83Δ+8} ] e^− √ 2bϕ̂ +

+ √ 2 8 (Δ + 4)σd 1 1 − H̃^ζ ∫_r 0 dyH^{88+3Δ} ( V^′ + √ 2bV ) − − 1 1 − H̃^ζ √ 2b 2 V (ϕ^{(0)}) ( 1 − H̃^{3Δ+163Δ+8}

V (ϕ̃^{(0)}) V (ϕ^{(0)}) ) +

+ H̃ζ 1 − H̃^ζ [ − 6 √ 2b 3Δ + 8

(d̈ + 3ḋ^̇α)H̃^{−1} −

6Δ + 20 3Δ + 8 ḋ ^̇ϕH̃^{−1} + 24 √ 2b (3Δ + 8)^2 ḋ^2H̃^{−2} ] . (4.4)

Finally the equation for d(t) is given by

d̈ + 3ḋ^̇α + √ 2bḋ ^̇ϕ + 3Δ + 4 2(3Δ + 8) ḋ^2H̃^{−1} = = √ 2(3Δ + 8) 72 H̃κ^2σ [ (1 − 3w)ρ + 4U + 3 √ 2bU^′ +

+ ((1 − 3w̃)ρ̃ + 4Ũ + 3 √ 2bŨ^′)H̃^{− 3Δ+43Δ+8} ] e^− √ 2bϕ̂ − − 8 + 3Δ 12 H̃V (ϕ^{(0)}) ( 1 − H̃^{48+3Δ}

V (ϕ̃^{(0)}) V (ϕ^{(0)}) ) , (4.5)

where we defined H̃ ≡ H(r, t) = 1 − d(t) , (4.6) ζ ≡ 3(Δ + 4) 3Δ + 8

. (4.7)

To make the spacetime non-singular, we set the negative tension brane at r = 1/( √ 2b^2σ) and assume d < 1. We can also get the energy conservation law as follows,

ρ̇ + 3(1 + w)ρ^̇α = 0 ,

˙ρ̃ + 3(1 + w̃)ρ̃ ( ^̇α − √ 2 3Δ + 8 ḋH̃^{−1} ) = 0 , (4.8)

which can be derived from above equations. Because we have five equations for five unknown functions (α̂, ϕ̂, d, ρ, ρ̃) we can consistently solve these equations.

In the RS model, the effective equations are given by

^̈α + 2^̇α^2 + 1 6 ^̇ϕ_2 = κ^2k 6 ((1 − 3w)ρ + 4U) − V 6 , (4.9)

^̈α + 2^̇α^2 + 1 6 ^̇ϕ_2 = −κ^2k 6 ((1 − 3w̃)ρ̃ + 4Ũ) + d̈ + 3^̇αḋ − ḋ^2 − e^{−2d} V 6 , (4.10)

^̇α^2 − 1 6 ^̇ϕ_2 = κ^2k 3 e^{2d} e^{2d} − 1 [ ρ + U + (ρ̃ + Ũ)e^{−4d} ] + + 1 12 V (1 + e^{−2d}) − 1 e^{2d} − 1

(2^̇αḋ − ḋ^2) , (4.11)

– 12 –

^̈ϕ + 3^̇α ^̇ϕ = −κ_2k e^{2d} e^{2d} − 1

(U^′ + Ũ^′e^{−4d}) − 1 4 (1 + e^{−2d})V^′ − 2 1 e^{2d} − 1 ḋ ^̇ϕ , (4.12)

d̈ + 3^̇αḋ − ḋ^2 = κ^2k 6 [ (1 − 3w)ρ + 4U + ((1 − 3w̃)ρ̃ + 4Ũ)e^{−2d} ] − V 6 (1 − e^{−2d}) . (4.13)

Here we take r = 1/k.

4.2 Effective theory

In the previous section, we derived effective four-dimensional equations. We try to interpret them in terms of the scalar-tensor gravity. In this section the effective theory for observers confined on a positive tension brane is considered. In this section, we do not consider the potentials U, Ũ and V .

The action for the scalar-tensor theory is given by S = 1 2κ^2_4 ∫ d^4x √ −g [ φR − ω(φ) φ (∂φ)^2 + L_m ] . (4.14)

The Friedmann equation and the equation for φ are given by

^̇α^2 + ^̇αφ̇ φ − ω(φ) 6 ( φ̇ φ )_2 = κ^2_4 3 ρ φ , φ̈ + φ̇ ( 3^̇α + ω̇ 2ω + 3 ) = κ^2_4 2ω + 3

(1 − 3w)ρ . (4.15)

4.2.1 Case1: d = const.

At first, let us consider the case where the radion is somehow stabilized, that is, ḋ = 0. In such a case, we find that eq. (4.3) becomes

^̇α^2 + √ 2b^̇α ^̇ϕ − 1 6 ^̇ϕ_2 = √ 2(Δ + 4) 24(1 − H̃^ζ ) e^− √ 2bϕ̂ [ ρ + ρ̃H̃^{83Δ+8} ] , (4.16)

^̈ϕ + 3^̇α ^̇ϕ + √2b ^̇ϕ_2 = bκ^2σ 6(1 − H̃^ζ ) [ (1 − 3w)ρ + (1 − 3w̃)ρ̃H̃^{83Δ+8} ] e^− √ 2bϕ̂. (4.17)

If we take φ ≡ e √ 2bϕ̂ , ω = 6 3Δ + 8 = 1 2b^2

, (4.18)

the equations become the same as (4.15). Then the effective theory can be identified with Brans-Dicke theory with Brans-Dicke parameter ω given in (4.18). We also find the four-dimensional gravitational constant becomes

κ^2_4 ≡ √ 2(Δ + 4) 8(1 − H̃^ζ ) κ^2σ , κ̃_4 ≡ κ^2_4H̃^{83Δ+8} . (4.19)

Here H̃ is constant because d is constant now. It is interesting that the matter on the negative tension brane couples to the gravity with a different gravitational constant from the matter on a positive tension brane.

– 13 –

From the observational constraint, we need ω > 3000 at least at the late stage of cosmology [55]. So the dilaton coupling is strongly constraint as b^2 < 1.6 × 10^{−4}. Thus in the HW theory with b = 1, the stabilization mechanism for ϕ should be introduced in order to obtain an acceptable late time cosmology.

In RS model, the theory becomes Einstein theory and the four-dimensional gravitational constant is given by a well known formula;

κ^2_4 = κ^2k e^{2d} e^{2d} − 1

, κ̃^2_4 = κ^2_4e^{−4d} . (4.20)

4.2.2 Case2: ϕ̂ = const.

Next, we consider the case where the bulk scalar field is stabilized, i.e., ^̇ϕ = 0. This case has been studied by many authors in the context of the Randall-Sundrum model [50, 51], [56]. In such a case, eq. (4.3) becomes

^̇α^2 − 3

H̃ζ (Δ + 4) 1 − H̃^ζ [ − 1 3Δ + 8

^̇αḋH̃^{−1} + 1 (3Δ + 8)^2 ḋ^2H̃^{−2} ] = = √ 2(Δ + 4) 24(1 − H̃^ζ ) e^− √ 2bϕ̂ [ ρ + ρ̃H̃^{83Δ+8} ] , (4.21)

d̈ + 3ḋ^̇α + √ 2bḋ ^̇ϕ + 3Δ + 4 2(3Δ + 8) ḋ^2H̃^{−1} = = √ 2(3Δ + 8) 72 H̃κ^2σ [ (1 − 3w)ρ + (1 − 3w̃)ρ̃H̃^{− 3Δ+43Δ+8} ] e^− √ 2bϕ̂ . (4.22)

From these equations, if we take φ ≡ 1 − H̃^ζ , ω = 2 Δ + 4 ( φ 1 − φ ) = 3 2(3b^2 + 1) ( φ 1 − φ ) , (4.23)

eqs. (4.21) and (4.22) can be written as (4.15). Now ω is a dynamical variable, so we conclude that scalar-tensor gravity is realized. The effective four-dimensional gravitational constant becomes

κ^2_4 ≡ √ 2(Δ + 4) 8 κ^2σ , κ̃^2_4 ≡ κ^2_4(1 − φ)^{83(Δ+4)} = κ^2_4(1 − φ)^{23b2 +1} . (4.24)

From the observational constraint ω > 3000, we find d > 1 − ( 1 1500(Δ + 4) + 1 )_{1/ζ} . (4.25)

The physical distance D between the positive and negative tension brane is given by, D = ∫ 1_{√2b2σ} 0 dy d e √ 2bϕ̂ = d√ 2b^2σ e √ 2bϕ̂ . (4.26)

Thus the constraint means the negative tension brane should be sufficiently far away from positive tension brane. For b ≠ 0, the position of the singularity corresponds to d = 1. Thus the constraint requires that the negative tension brane is close to the singularity.

– 14 –

In RS model with Δ = −8/3, the BD field and BD parameter are given by φ ≡ 1 − e^{−2d} , ω = 3 2 ( φ 1 − φ ) (4.27)

and the four dimensional gravitational constant is defined by

κ^2_4 = κ^2k , κ̃^2_4 = κ^2_4(1 − φ)^2 . (4.28)

These results completely agree with the results obtained in [50, 51, 56]. The observational constraint implies D = d k > 4 k . (4.29)

4.2.3 General case In general cases, the effective theory becomes bi-scalar tensor theory. For small b satisfying the constraint b^2 < 1.6 × 10^{−4}, we can obtain a phenomenologically acceptable cosmology without introducing a stabilization mechanism if the negative tension brane is sufficiently away from the positive tension brane. However, the dynamics of the moduli fields strongly depends on the matter contents on both branes and the initial conditions for the moduli fields. Thus in many cases, it seems to be inevitable to introduce some stabilization mechanism for moduli fields. The stabilization problem of moduli fields are very general and serious problem which appears in all higher dimensional theories. Detailed analysis of the general dynamics of the moduli and investigation of the stabilization problem is beyond the scope of this paper. We will come back to this issue in future publications [57].

5. Boundary inflation

In this section, we consider a simple model for inflating branes driven by potentials U, Ũ and V . There are essentially two types of the inflation [4]. First, the potential energy of the brane potential U can drive the inflation on our brane. This can be called “matter field inflation”. Second, the potential energy in the bulk can also drive the inflation on our brane. This can be called “modular inflation”. In general, one could have a mixture of both types of the inflation. In the following, we will provide a simple model for “matter field inflation” and “modular inflation” respectively. For simplicity, we do not consider the matter on both branes, that is ρ = ρ̃ = 0 through this section.

5.1 Matter field inflation

First, we consider a simple model for inflation driven by brane potential U. Then we assume that the bulk potential vanishes V = 0. Furthermore, in order to avoid the negative tension brane hits the positive tension brane or singularity, we assume the moduli fields d(t) and ϕ(t) are stabilized by tuning potentials U and Ũ. From the equations of motion for d(t) and ϕ(t), we notice that this can be achieved by choosing

U = e^2 √ 2bϕU_0 , Ũ = −UH̃^{3Δ+43Δ+8} , (5.1)

– 15 – where U_0 is independent of ϕ. Then it is possible to stabilize the moduli fields d(t) and ϕ(t); d(t) = d_∗ = const. ϕ(t) = ϕ_∗ = const. (5.2)

The effective equations become a simple equation

^̇α^2 = √ 2(Δ + 4) 24 e √ 2bϕ_∗ κ2σU 0 . (5.3)

If one considers that the potential energy U_0 is provided by some matter field on the brane, the conventional four-dimensional inflationary scenario can be realized. We comment on the stability of the moduli fields d(t) and ϕ(t). Let us consider small fluctuations of the moduli fields;

d(t) = d_∗ + δd(t) , ϕ(t) = ϕ_∗ + δϕ(t) . (5.4)

Linearizing the equations of motion for ϕ(t) and d(t), we get the equations for fluctuations;

δ̈d + 3^̇αδ̇d + (3Δ + 4)^̇α^2δd = 0 ,

δ̈ϕ + 3^̇αδ̇ϕ = − 6 √ 2 3Δ + 8 H̃ζ 1 − H̃^ζ (δ̈d + 3^̇αδ̇d) . (5.5)

Then we found that for 3Δ + 4 > 0, the fluctuations acquire a positive mass squared, thus the solutions are stable. On the other hand for 3Δ + 4 < 0, the system of inflating two branes is unstable. This agrees with the result that in RS model with 3Δ + 4 = −4, the inflating two branes are unstable and the radion fluctuation δd(t) has a mass squared −4^̇α^2. It would be interesting to quantify the effect of these moduli fluctuations on the inflationary scenario.

In RS model with no bulk scalar field, it is possible to construct a viable model without the stabilization of the moduli field d(t). Let us consider the matter field inflation driven by potentials on a positive tension brane U. The effective equations are given by

^̇α^2 + 1

e^{2d} − 1

(2^̇αḋ − ḋ^2) = κ^2k 3 e^{2d} e^{2d} − 1 U , d̈ + 3^̇αḋ − ḋ^2 = 2κ^2k 3 U . (5.6)

The solution for U = const. can be easily found as

^̇α^2 = ḋ^2 = κ^2k 3 U . (5.7)

The fate of branes depend on initial conditions. If the initial condition for d is properly chosen, the inflation on positive tension brane pushes the negative tension brane away. Thus the observational constraint on d becomes easy to be satisfied. It is also interesting to consider a model where branes will collide, although there are many open questions in cosmology based on colliding branes.

– 16 –

5.2 Modular inflation

Next let us consider an inflation driven by bulk potential V . In this case, the moduli ϕ acts as an inflaton. Thus we should not stabilize ϕ. The stabilization mechanism should be switched on after inflation. In general, the other moduli d(t) also participates in the dynamics of inflation. In order to simplify the model, we take a bulk potential as V = −Λe^{−2} √ 2bϕσ^2 . (5.8)

Furthermore, as is done in the previous subsection, we stabilize d(t) by tuning the brane potential Ũ on the negative tension brane as

Ũ = 2 √ 2σΛ κ^2Δ

(H̃^{3Δ+43Δ+8} − H̃^{−1})e^− √ 2bϕ̂ . (5.9)

Then we can have d(t) = d_∗ = const. and the effective equations become

^̇α^2 + √ 2b^̇α ^̇ϕ − 1 6 ^̇ϕ_2 = −Δ + 4 6Δ σΛe^{−2} √ 2bϕ̂ , ^̈ϕ + 3^̇α ^̇ϕ + √2b ^̇ϕ2 = −2 √ 2b Δ σΛe^{−2} √ 2bϕ̂ . (5.10)

This equations yield a power-law solutions for scale factor e^{α̂} and scalar field e^{ϕ̂}. An interesting property of these solutions is that the power does not depend on the amplitude of the potential Λ and it is determined only by the dilaton coupling b. We find that a power-law inflation can be realized for −2 > Δ.

Finally, let us consider a RS model. In this model, we can simply take d → ∞ to neglect the contribution of the moduli d(t) rather than stabilizing d(t). Then the effective equations become

^̇α^2 = 1 6 ^̇ϕ_2 + 1 12 V, ^̈ϕ + 3^̇α ^̇ϕ + 1 4 V^′ = 0. (5.11)

If we define ϕ_4 = ϕ̂/κk^{1/2} and V_4 = V/4κ^2k, these are completely the same as the equations obtained in conventional four-dimensional theory. Thus the bulk inflaton can mimic the four-dimensional inflaton dynamics [11].

6. Conclusions and future works

In this paper, we considered two branes model with bulk scalar field, which is a generalization of both Randall-Sundrum model and Hořava-Witten model. The bulk potential of the scalar field has a exponential functions V_{bulk} = exp(−2 √ 2bϕ). We considered matter on both branes and arbitrary potentials in the bulk and on the brane. These matter and potentials induce the cosmological expansion of the brane as well as the time evolution of the bulk scalar field and radion. Because it is expected that the tension of the brane is much

– 17 – larger than the energy density of matter at late time cosmology, we have used the lowenergy approximation to derive the equations which describe the cosmological evolution on the brane.

The main results of this paper are the four-dimensional effective equations (4.1)–(4.5) which govern the low energy dynamics of the two branes system. The important point is that once the four dimensional dynamics is determined by these effective equations, we can construct a correspondent full five-dimensional geometry. This correspondence would be useful to investigate the effect of the bulk geometry on four dimensional brane dynamics.

We also investigated observational constraints imposed on the model. We assume we are living on positive tension brane. First, we studied the case where the radion d(t) is stabilized. In such a case, we can regard this model as Brans-Dicke theory with a Brans- Dicke parameter 1/2b^2. From the observational constraint, we concluded b^2 must be smaller than 1.6 × 10^{−4}. Second, we consider the case where ϕ̂ = const. We found that this model can be identified with the scalar-tensor theory where the Brans-Dicke parameter is given by (3/2(3b^2 + 1))(φ/1 − φ), where φ is the BD field which is defined by d(t). For RS model with b = 0, this agrees with the result obtained in [50, 51, 56]. The observational constraint implies the negative tension brane should be sufficiently away from the positive tension brane. In general cases where there in no stabilization mechanism, the effective theory becomes bi-scalar tensor theory.

Using the effective equations, we constructed several simple models for inflation. The inflation can be driven by potentials on the brane and bulk. We can construct various models for boundary inflation. It is very interesting to know we can distinguish these models from conventional four-dimensional model. The detailed analysis of these inflation models including the primordial fluctuations will be given in the near future.

Note added. After almost completing this work, we found [58]. In [58], the equations for the radion and the bulk scalar are derived using a moduli approximation and qualitatively the same result is obtained.

Acknowledgments

The work of K.K. was supported by JSPS.

A. Five-dimensional equations

A.1 Einstein equations and scalar field equation

Five-dimensional Einstein equation and scalar field equations are given by (y, y): α^{′2} + α^′β^′ − (α̈ + 2α̇^2 − α̇β̇)e^{2(γ−β)} = = 1 6 ϕ^{′2} + 1 6 ϕ̇^2e^{2(γ−β)} − 1 6 [( b^2 − 2 3 ) e^{2(γ−} √ 2bϕ)σ2 − V (ϕ)e2γ ] . (A.1)

– 18 –

(t, t): α^{′′} + 2α^{′2} − γ^′α^′ − (α̇^2 + γ̇α̇)e^{2(γ−β)} = = − 1 6 ϕ^{′2} − 1 6 ϕ̇^2e^{2(γ−β)} − 1 6 [( b^2 − 2 3 ) e^{2(γ−} √ 2bϕ)σ2 − V (ϕ)e2γ ] + (A.2) + 1 3 e^γ { [− √ 2e^− √ 2bϕσ − κ^2(ρ + U)]δ(y) + [ √ 2e^− √ 2bϕσ − κ^2(ρ̃ + Ũ)]δ(y − r) } . (i, j): 2α^{′′}−2γ^′α^′+2α^′β^′+3α^{′2}+β^{′′}+β^{′2}−β^′γ^′−(2α̈+2γ̇α̇−2α̇β̇+3α̇^2+γ̈+γ̇^2−β̇γ̇)e^{2(γ−β)} = = − 1 2 ϕ^{′2} + 1 2 ϕ̇^2e^{2(γ−β)} − 1 2 [( b^2 − 2 3 ) e^{2(γ−} √ 2bϕ)σ2 − V (ϕ)e2γ ] + + e^γ { [− √ 2e^− √ 2bϕσ + κ^2(p − U)]δ(y) + [ √ 2e^− √ 2bϕσ + κ^2(p̃ − Ũ)]δ(y − r) } . (A.3) (y, t): α̇^′ − γ̇α^′ − α̇(β^′ − α^′) = − 1 3 ϕ̇ϕ^′. (A.4)

Equation of motion for ϕ:

ϕ^{′′} + 3α^′ϕ^′ + β^′ϕ^′ − γ^′ϕ^′ − (ϕ̈ + 3α̇ϕ̇ − β̇ϕ̇ + γ̇ϕ̇)e^{2(γ−β)} = = − √ 2b ( b^2 − 2 3 ) e^{2(γ−} √ 2bϕ)σ2 + 1 2 dV dϕ e^{2γ} + + e^γ [( −2be^− √ 2bϕσ + κ^2 dU dϕ ) δ(y) + ( 2be^− √ 2bϕσ + κ^2 dŨ dϕ ) δ(y − r) ] . (A.5)

We expand these equations in terms of ε.

A.2 0th-oder

The field equations of the 0-th order are given as follows,

α^{′2}_{(0)} + α^′_{(0)}β^′_{(0)} = 1 6 ϕ^{′2}_{(0)} − 1 6 ( b^2 − 2 3 ) σ^2e^{2(γ(0) −} √ 2bϕ_{(0)}) , (A.6)

α^{′′}_{(0)} + 2α^{′2}_{(0)} − γ^′_{(0)}α^′_{(0)} = − 1 6 ϕ^{′2}_{(0)} − 1 6 ( b^2 − 2 3 ) σ^2e^{2(γ(0) −} √ 2bϕ_{(0)}) , (A.7)

2α^{′′}_{(0)} − 2γ^′_{(0)}α^′_{(0)} + 2α^′_{(0)}β^′_{(0)} + 3α^{′2}_{(0)} + β^{′′}_{(0)} + β^{′2}_{(0)} − β^′_{(0)}γ^′_{(0)} = = − 1 2 ϕ^{′2}_{(0)} − 1 2 ( b^2 − 2 3 ) σ^2e^{2(γ(0) −} √ 2bϕ_{(0)}) , (A.8)

α̇^′_{(0)} − γ̇_{(0)}α^′_{(0)} − α̇_{(0)}(β^′_{(0)} − α^′_{(0)}) = − 1 3 ϕ̇_{(0)}ϕ^′_{(0)} , (A.9)

ϕ^{′′}_{(0)} + 3α^′_{(0)}ϕ^′_{(0)} + β^′_{(0)}ϕ^′_{(0)} − γ^′_{(0)}ϕ^′_{(0)} = − √ 2b ( b^2 − 2 3 ) σ^2e^{2(γ(0) −} √ 2bϕ_{(0)}) . (A.10)

Next, we can get the junction conditions at y = 0 as follows,

α^{(1)}_{(0)}(t) = − √ 2 6 σe^{γ(0)−} √ 2bϕ_{(0)} | y=0,

– 19 – β^{(1)}_{(0)} (t) = − √ 2 6 σe^{γ(0)−} √ 2bϕ_{(0)} | y=0 , ϕ^{(1)}_{(0)}(t) = −bσ e^{γ(0)−} √ 2bϕ_{(0)} |

y=0 . (A.11)

Similarly, we can get the junction conditions at y = r as follows,

α̃^{(1)}_{(0)}(t) = − √ 2 6 σe^{γ(0) −} √ 2bϕ_{(0)} | y=r , β̃^{(1)}_{(0)} (t) = − √ 2 6 σe^{γ(0) −} √ 2bϕ_{(0)} | y=r , ϕ̃^{(1)}_{(0)}(t) = −bσ e^γ(0)^{−√2bϕ}(0) |_{y=r} . (A.12)

A.3 1st order

In this subsection, we consider the equations of the order ε^1, which determine the behavior of α̂(t), ϕ̂(t) and d(t). They are given as,

2α^′_{(0)}α^′_{(1)} + α^′_{(0)}β^′_{(1)} + α^′_{(1)}β^′_{(0)} − [ α̈_{(0)} + 2α̇^2_{(0)} − α̇_{(0)}β̇_{(0)} ] e^{2(γ(0) −β(0))} = = 1 3 ϕ^′_{(0)}ϕ^′_{(1)} + 1 6 ϕ̇^2_{(0)}e^{2(γ}(0)^{−β}(0)^) − − 1 3 ( b^2 − 2 3 ) σ^2 ( γ_{(1)} − √ 2bϕ_{(1)} ) e^{2(γ(0)−} √ 2bϕ(0)) + 1 6 e^{2γ(0)} V , (A.13)

α^{′′}_{(1)} + 4α^′_{(0)}α^′_{(1)} − γ^′_{(0)}α^′_{(1)} − γ^′_{(1)}α^′_{(0)} − ( α̇^2_{(0)} + γ̇_{(0)}α̇_{(0)} ) e^{2(γ(0) −β(0))} = = − 1 3 ϕ^′_{(0)}ϕ^′_{(1)} − 1 6 ϕ̇^2_{(0)}e^{2(γ}(0)^{−β}(0)^) − 1 3 ( b^2 − 2 3 ) σ^2 ( γ_{(1)} − √ 2bϕ_{(1)} ) e^{2(γ(0) −} √ 2bϕ_{(0)}) + 1 6 e^{2γ(0)} V , (A.14)

2α^{′′}_{(1)} − 2γ^′_{(0)}α^′_{(1)} − 2γ^′_{(1)}α^′_{(0)} + 2α^′_{(0)}β^′_{(1)} + 2α^′_{(1)}β^′_{(0)}+ +6α^′_{(0)}α^′_{(1)} + β^{′′}_{(1)} + 2β^′_{(0)}β^′_{(1)} − β^′_{(0)}γ^′_{(1)} − β^′_{(1)}γ^′_{(0)}+ + ( −2α̈_{(0)} − 2γ̇_{(0)}α̇_{(0)} + 2α̇_{(0)}β̇_{(0)} − 3α̇^2_{(0)} − γ̈_{(0)} − γ̇^2_{(0)} + β̇_{(0)}γ̇_{(0)} ) e^{2(γ(0) −β(0))} =

= −ϕ^′_{(0)}ϕ^′_{(1)} + 1 2 ϕ̇^2_{(0)}e^{2(γ}(0)^{−β}(0)^) − − ( b^2 − 2 3 ) σ^2 ( γ_{(1)} − √ 2bϕ_{(1)} ) e^{2(γ(0) −} √ 2bϕ_{(0)}) + 1 2 e^{2γ(0)} V , (A.15)

α̇^′_{(1)} − (γ̇_{(0)}α^′_{(1)} + γ̇_{(1)}α^′_{(0)}) − [ α̇_{(0)}(β^′_{(1)} − α^′_{(1)}) + α̇_{(1)}(β^′_{(0)} − α^′_{(0)}) ] = = − 1 3 ( ϕ̇_{(0)}ϕ^′_{(1)} + ϕ̇_{(1)}ϕ^′_{(0)} ) , (A.16)

ϕ^{′′}_{(1)} + 3α^′_{(0)}ϕ_{(1)} + 3α^′_{(1)}ϕ^′_{(0)} + β^′_{(0)}ϕ^′_{(1)} + β^′_{(1)}ϕ^′_{(0)} − γ^′_{(0)}ϕ^′_{(1)} − γ^′_{(1)}ϕ^′_{(0)}− − ( ϕ̈_{(0)} + 3α̇_{(0)}ϕ̇_{(0)} − β̇_{(0)}ϕ̇_{(0)} + γ̇_{(0)}ϕ̇_{(0)} ) e^{2(γ(0)−β(0))} =

= −2 √ 2b ( b^2 − 2 3 ) σ^2 ( γ_{(1)} − √ 2bϕ_{(1)} ) e^{2(γ(0) −} √ 2bϕ_{(0)}) + 1 2 dV dϕ . (A.17)

– 20 –

Similarly, we can derive junction conditions at y = 0 and y = r as follows,

α^{(1)}_{(1)}(t) = − √ 2 6 ( γ_{(1)} − √ 2bϕ_{(1)} ) σe^{γ(0)−} √ 2bϕ_{(0)} − κ 2 6 (ρ + U) e^{γ(0)} | y=0, (A.18)

β^{(1)}_{(1)} (t) = − √ 2 6 ( γ_{(1)} − √ 2bϕ_{(1)} ) σe^{γ(0)−} √ 2bϕ_{(0)} + κ 2 6 (3p + 2ρ − U) e^{γ(0)} | |_{y=0} , (A.19)

ϕ^{(1)}_{(1)}(t) = −b ( γ_{(1)} − √ 2bϕ_{(1)} ) σe^{γ(0) −} √ 2bϕ_{(0)} + κ 2 2 dU dϕ e^{γ(0)} | |_{y=0} , (A.20)

α̃^{(1)}_{(1)}(t) = − √ 2 6 ( γ_{(1)} − √ 2bϕ_{(1)} ) σe^{γ(0)−} √ 2bϕ_{(0)} + κ 2 6 (ρ̃ + Ũ)e^{γ(0)} | |_{y=r} , (A.21)

β̃^{(1)}_{(1)} (t) = − √ 2 6 ( γ_{(1)} − √ 2bϕ_{(1)} ) σe^{γ(0)−} √ 2bϕ_{(0)} − κ 2 6 (3p̃ + 2ρ̃ − Ũ)e^{γ(0)} | y=r , (A.22)

ϕ̃^{(1)}_{(1)}(t) = −b ( γ_{(1)} − √ 2bϕ_{(1)} ) σe^{γ(0) −} √ 2bϕ_{(0)} − κ 2 2 dŨ dϕ e^{γ(0)} | |_{y=r} . (A.23)

B. Solutions for 1st order equations

B.1 Homogeneous solutions

Here we will write down the homogeneous solutions in terms of ρ̃, Ũ.

K_α = − √ 2κ^2σ^{−1} 3Δ + 8 (ρ̃ + Ũ)e √ 2bϕ̂ +

+ 2 √ 2σ^{−2} Δ e^2 √ 2bϕ̂ [ − 2 √ 2 (Δ + 4) ( ^̇α^2 + √ 2b^̇α ^̇ϕ − 1 6 ^̇ϕ2 ) H̃^{3(Δ+4)}3Δ+8 +

+ 6 √ 2 3Δ + 8 ḋ^̇αH̃^43Δ+8 + 6 √ 2 (3Δ + 8)^2 ḋ^2H̃^{− 3Δ+4}3Δ+8 ] −

− √ 2σ^{−1}d 3Δ e^2 √ 2bϕ̂H̃−^8_{3Δ+8} ∫_r 0 dyH^{83Δ+8} V , (B.1)

K_β = √ 2κ^2σ^{−1} 3Δ + 8

((3w̃ + 2)ρ̃ − Ũ)e √ 2bϕ̂ +

+ 2 √ 2σ^{−2} Δ e^2 √ 2bϕ̂ [ − 2 √ 2 (Δ + 4) ( 2^̈α + ^̇α^2 + √ 2b ^̈ϕ +

3Δ + 13 6 ^̇ϕ2 ) H̃^{3(Δ+4)}3Δ+8 +

+ 6 √ 2 3Δ + 8 ( d̈ d + 2 √ 2b ḋ d ^̇ϕ ) H̃^43Δ+8 − 6 √ 2 (3Δ + 8)^2 ḋ^2H̃^{− 3Δ+4}3Δ+8 ] − − √ 2σ^{−1}d Δ e^2 √ 2bϕ̂H̃−^8_{3Δ+8} ∫_r 0 dyH^{83Δ+8} [√ 2bV^′ + (1 + 2b^2)V ]

− σ^{−2} Δ e^2 √ 2bϕHV , (B.2)

– 21 –

K_ϕ = √ 2κ^2σ^{−1} Δ U^′e √ 2bϕ̂ +

+ 2 √ 2σ^{−2} Δ e^2 √ 2bϕ̂ [ − 2 √ 2 (Δ + 4) ( ^̈ϕ + 3^̇α ^̇ϕ + √2b ^̇ϕ_2 − 3√2b ( ^̈α + 2^̇α^2 + 1 6 ^̇ϕ_2 )) +

+ 6 √ 2 3Δ + 8 ḋ ^̇ϕH̃^43Δ+8 − 36b (3Δ + 8)^2 ḋ^2H̃^{− 3Δ+4}3Δ+8 ] −

− √ 2σ^{−1}d Δ e^2 √ 2bϕ̂H̃−^8_{3Δ+8} ∫_r 0 dyH^{83Δ+8} (V + √ 2bV ) . (B.3)

B.2 Particular solutions

The particular solutions for 1st order equations are given in eqs. (3.13)–(3.16). The concrete form of them becomes as follows;

f_α = 4σ^{−2} (Δ + 4)(Δ + 2) e^2 √ 2bϕ̂ [ ^̇α^2 + √ 2b^̇α ^̇ϕ − 1 6 ^̇ϕ2 − 3(Δ + 4)

3Δ + 4 ( ḋ d ^̇α + 1 2 ḋ2 d^2 )] , (B.4)

f_β = 4σ^{−2} (Δ + 4)(Δ + 2) e^2 √ 2bϕ̂ [ 2^̈α + ^̇α^2 + √ 2b ^̈ϕ +

3Δ + 13 6 ^̇ϕ_2 −

− 3(Δ + 4) 3Δ + 4 ( 2 √ 2b ḋ d ^̇ϕ + d̈ d − 1 2 ḋ2 d^2 ) ] , (B.5)

f_ϕ = 4σ^{−2} (Δ + 4)(Δ + 2) e^2 √ 2bϕ̂ [ ^̈ϕ + 3^̇α ^̇ϕ + √2b ^̇ϕ_2 − 3√2b ( ^̈α + 2^̇α^2 + 1 6 ^̇ϕ_2 ) −

− 3(Δ + 4) 3Δ + 4 ( ḋ d ^̇ϕ + 3 √ 2 2 b ḋ2 d^2 ) ] , (B.6)

f_γ = √ 2bf_ϕ , (B.7)

g_α = − 3 √ 2σ^{−1} 3Δ + 4 e^2 √ 2bϕ̂ ( 2ḋ^̇α + ḋ2 d ) , (B.8)

g_β = − 3 √ 2σ^{−1} 3Δ + 4 e^2 √ 2bϕ̂ ( 2d̈ + 4 √ 2bḋ ^̇ϕ − ḋ2 d ) , (B.9)

g_ϕ = −

18σ^{−1} 3Δ + 4 e^2 √ 2bϕ̂ ( b ḋ2 d + √ 2 3 ḋ ^̇ϕ ) , (B.10)

g_γ = √ 2bg_ϕ , (B.11)

h_α = − 1 4 ḋ^2e^{2√2bϕ̂} , (B.12)

h_β = 1 4 ḋ^2e^{2√2bϕ̂} , (B.13)

h_ϕ = − 3 √ 2 4 bḋ^2e^2 √ 2bϕ̂ , (B.14)

h_γ = √ 2bh_ϕ . (B.15)

– 22 –

For Δ = −2 and/or Δ = −4/3, the particular solutions should be treated separately. But even in such cases, we get the same effective 4D equations as we have shown in section 4.

C. Homogeneous and particular solutions in RS model C.1 Homogeneous solutions

α_{(1)}(y, t) = K_α(t)e^{4kdy} + F_α(t) + P (y, t) , (C.1) β_{(1)}(y, t) = K_β(t)e^{4kdy} + F_β(t) + P (y, t) , (C.2)

γ_{(1)}(y, t) = K_γ (t)e^{4kdy} − 3 √ 2 d P^′(y, t) , (C.3) ϕ_{(1)}(y, t) = K_ϕ(t)e^{4kdy} + F_ϕ(t) , (C.4)

where F_α, F_β , F_ϕ and P are arbitrary functions which do not affect the resultant 4D equations. K_α, K_β , K_γ and K_ϕ yield the the constraints;

3K_α + K_β + K_γ = 0 , (C.5) K̇_α + (K_α − K_β)^̇α + 1 3 K_ϕ ^̇ϕ + 1 4 K̇_γ = 0 . (C.6)

Here we define k = ( √ 2/6)σ as in section 2.3.

C.2 Particular solutions The particular solutions are given by

α_{(1)} = [ − 1 4k^2 ( ^̇α^2 − 1 6 ^̇ϕ + ḋ d ^̇α + 1 2 ḋ2 d^2 ) + 1 2k ( ḋ^̇α + 1 2 ḋ2 d^2 ) y − 1 4 ḋ^2y^2 ] e^{2kdy} , (C.7)

β_{(1)} = [ − 1 4k^2 ( 2^̈α + ^̇α^2 + 5 6 ^̇ϕ + d̈ d − 1 2 ḋ2 d^2 ) + 1 2k ( d̈ − 1 2 ḋ2 d^2 ) y + 1 4 ḋ^2y^2 ] e^{2kdy} , (C.8)

ϕ_{(1)} = [ − 1 4k^2 ( ^̈ϕ + 3^̇α ^̇ϕ + ḋ d ^̇ϕ ) + 1 2k ḋ ^̇ϕ ] e^{2kdy} , (C.9)

γ_{(1)} = 0 . (C.10)

References

[1] P. Hořava and E. Witten, Heterotic and type-I string dynamics from eleven dimensions, Nucl.

Phys. B 460 (1996) 506 [hep-th/9510209].

[2] P. Hořava and E. Witten, Eleven-dimensional supergravity on a manifold with boundary, Nucl. Phys. B 475 (1996) 94 [hep-th/9603142].

[3] E. Witten, Strong coupling expansion of Calabi-Yau compactification, Nucl. Phys. B 471 (1996) 135 [hep-th/9602070].

[4] A. Lukas, B.A. Ovrut, K.S. Stelle and D. Waldram, Heterotic M-theory in five dimensions, Nucl. Phys. B 552 (1999) 246 [hep-th/9806051].

– 23 –

[5] A. Lukas, B.A. Ovrut, K.S. Stelle and D. Waldram, The universe as a domain wall, Phys.

Rev. D 59 (1999) 086001 [hep-th/9803235].

[6] A. Lukas, B.A. Ovrut and D. Waldram, Cosmological solutions of Hořava-Witten theory, Phys. Rev. D 60 (1999) 086001 [hep-th/9806022].

[7] U. Ellwanger, Cosmological evolution in compactified Hořava-Witten theory induced by matter on the branes, Eur. Phys. J. C 25 (2002) 157 [hep-th/0001126].

[8] H.S. Reall, Open and closed cosmological solutions of Hořava-Witten theory, Phys. Rev. D 59 (1999) 103506 [hep-th/9809195].

[9] S. Kobayashi, K. Koyama and J. Soda, Quantum fluctuations of bulk inflaton in inflationary brane world, Phys. Lett. B 501 (2001) 157 [hep-th/0009160].

[10] Y. Himemoto and M. Sasaki, Brane-world inflation without inflaton on the brane, Phys. Rev.

D 63 (2001) 044015 [gr-qc/0010035].

[11] Y. Himemoto, T. Tanaka and M. Sasaki, A bulk scalar in the braneworld can mimic the 4d inflaton dynamics, Phys. Rev. D 65 (2002) 104020 [gr-qc/0112027].

[12] N. Sago, Y. Himemoto and M. Sasaki, Quantum fluctuations in brane-world inflation without inflaton on the brane, Phys. Rev. D 65 (2002) 024014 [gr-qc/0104033].

[13] K. Uzawa and J. Soda, Self-tuning dark energy in brane world cosmology, Mod. Phys. Lett. A 16 (2001) 1089 [hep-th/0008197].

[14] N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and R. Sundrum, A small cosmological constant from a large extra dimension, Phys. Lett. B 480 (2000) 193 [hep-th/0001197].

[15] S. Kachru, M.B. Schulz and E. Silverstein, Self-tuning flat domain walls in 5d gravity and string theory, Phys. Rev. D 62 (2000) 045021 [hep-th/0001206].

[16] C. Csáki, J. Erlich, C. Grojean and T.J. Hollowood, General properties of the self-tuning domain wall approach to the cosmological constant problem, Nucl. Phys. B 584 (2000) 359 [hep-th/0004133].

[17] P. Binetruy, J.M. Cline and C. Grojean, Dynamical instability of brane solutions with a self-tuning cosmological constant, Phys. Lett. B 489 (2000) 403 [hep-th/0007029].

[18] S. Kobayashi, K. Koyama and J. Soda, Thick brane worlds and their stability, Phys. Rev. D 65 (2002) 064014 [hep-th/0107025].

[19] O. DeWolfe, D.Z. Freedman, S.S. Gubser and A. Karch, Modeling the fifth dimension with scalars and gravity, Phys. Rev. D 62 (2000) 046008 [hep-th/9909134].

[20] M. Gremm, Four-dimensional gravity on a thick domain wall, Phys. Lett. B 478 (2000) 434 [hep-th/9912060].

[21] C. Csáki, J. Erlich, T.J. Hollowood and Y. Shirman, Universal aspects of gravity localized on thick branes, Nucl. Phys. B 581 (2000) 309 [hep-th/0001033].

[22] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys.

Rev. Lett. 83 (1999) 3370 [hep-ph/9905221].

[23] L. Randall and R. Sundrum, An alternative to compactification, Phys. Rev. Lett. 83 (1999) 4690 [hep-th/9906064].

– 24 –

[24] D. Langlois and M. Rodríguez-Martínez, Brane cosmology with a bulk scalar field, Phys. Rev.

D 64 (2001) 123507 [hep-th/0106245].

[25] A. Mennim and R.A. Battye, Cosmological expansion on a dilatonic brane-world, Class. and Quant. Grav. 18 (2001) 2171 [hep-th/0008192].

[26] W.D. Goldberger and M.B. Wise, Modulus stabilization with bulk fields, Phys. Rev. Lett. 83 (1999) 4922 [hep-ph/9907447].

[27] W.D. Goldberger and M.B. Wise, Phenomenology of a stabilized modulus, Phys. Lett. B 475 (2000) 275 [hep-ph/9911457].

[28] C. Csáki, M.L. Graesser and G.D. Kribs, Radion dynamics and electroweak physics, Phys.

Rev. D 63 (2001) 065002 [hep-th/0008151].

[29] T. Tanaka and X. Montes, Gravity in the brane-world for two-branes model with stabilized modulus, Nucl. Phys. B 582 (2000) 259 [hep-th/0001092].

[30] H. Kudoh and T. Tanaka, Second order perturbations in the radius stabilized Randall-Sundrum two branes model, Phys. Rev. D 65 (2002) 104034 [hep-th/0112013].

[31] H. Kudoh and T. Tanaka, Second order perturbations in the radius stabilized Randall-Sundrum two branes model, 2. Effect of relaxing strong coupling approximation,

hep-th/0205041.

[32] J.M. Cline and J. Vinet, Order ρ^2 corrections to Randall-Sundrum I cosmology, J. High Energy Phys. 02 (2002) 042 [hep-th/0201041].

[33] J.M. Cline and H. Firouzjahi, 5-dimensional warped cosmological solutions with radius stabilization by a bulk scalar, Phys. Lett. B 495 (2000) 271 [hep-th/0008185].

[34] C. Charmousis, R. Gregory and V.A. Rubakov, Wave function of the radion in a brane world, Phys. Rev. D 62 (2000) 067505 [hep-th/9912160].

[35] C. Csáki, M. Graesser, L. Randall and J. Terning, Cosmology of brane models with radion stabilization, Phys. Rev. D 62 (2000) 045015 [hep-ph/9911406].

[36] Z. Chacko and P.J. Fox, Wave function of the radion in the dS and AdS brane worlds, Phys.

Rev. D 64 (2001) 024015 [hep-th/0102023].

[37] U. Gen and M. Sasaki, Radion on the de Sitter brane, Prog. Theor. Phys. 105 (2001) 591.

[38] P. Binetruy, C. Deffayet and D. Langlois, The radion in brane cosmology, Nucl. Phys. B 615 (2001) 219 [hep-th/0101234].

[39] T. Wiseman, Strong brane gravity and the radion at low energies, Class. and Quant. Grav. 19 (2002) 3083 [hep-th/0201127].

[40] K. Koyama, Radion and large scale anisotropy on the brane, Phys. Rev. D 66 (2002) 084003 [gr-qc/0204047].

[41] T. Chiba, Scalar-tensor gravity in two 3-brane system, Phys. Rev. D 62 (2000) 021502 [gr-qc/0001029].

[42] D. Langlois and L. Sorbo, Effective action for the homogeneous radion in brane cosmology, Phys. Lett. B 543 (2002) 155 [hep-th/0203036].

[43] A. Das and A. Mitov, A systematic study of the radion in the compact Randall-Sundrum model, Phys. Rev. D 66 (2002) 045030 [hep-th/0203205].

– 25 –

[44] P. Brax, C. van de Bruck, A.C. Davis and C.S. Rhodes, Wave function of the radion with a bulk scalar field, Phys. Lett. B 531 (2002) 135 [hep-th/0201191].

[45] R. Kallosh, L. Kofman, A.D. Linde and A.A. Tseytlin, BPS branes in cosmology, Phys. Rev.

D 64 (2001) 123524 [hep-th/0106241].

[46] G.W. Gibbons and P.K. Townsend, Cosmological evolution of degenerate vacua, Nucl. Phys.

B 282 (1987) 610.

[47] A.A. Tseytlin, On ‘rolling moduli’ solutions in string cosmology, Phys. Lett. B 334 (1994) 315 [hep-th/9404191].

[48] S. Mukohyama and L. Kofman, Brane gravity at low energy, Phys. Rev. D 65 (2002) 124025 [hep-th/0112115].

[49] A. Lukas, B.A. Ovrut and D. Waldram, Boundary inflation, Phys. Rev. D 61 (2000) 023506 [hep-th/9902071].

[50] S. Kanno and J. Soda, Brane world effective action at low energies and AdS/CFT, Phys.

Rev. D 66 (2002) 043526 [hep-th/0205188].

[51] S. Kanno and J. Soda, Radion and holographic brane gravity, Phys. Rev. D 66 (2002) 083506 [hep-th/0207029].

[52] M. Cvetič, Extreme domain wall-black hole complementarity in N = 1 supergravity with a general dilaton coupling, Phys. Lett. B 341 (1994) 160.

[53] D. Youm, Solitons in brane worlds, Nucl. Phys. B 576 (2000) 106 [hep-th/9911218]. [54] M. Cvetič, H. Lü and C.N. Pope, Domain walls with localised gravity and domain-wall/qft correspondence, Phys. Rev. D 63 (2001) 086004 [hep-th/0007209].

[55] C.M. Will, The confrontation between general relativity and experiment, Living Rev. Rel. 4 (2001) 4 [gr-qc/0103036].

[56] J. Garriga and T. Tanaka, Gravity in the brane-world, Phys. Rev. Lett. 84 (2000) 2778 [hep-th/9911055].

[57] S. Kobayashi and K. Koyama, work in progress.

[58] P. Brax, C. van de Bruck, A.C. Davis and C.S. Rhodes, Cosmological evolution of brane world moduli, hep-th/0209158.

– 26 –